In th is pa pe r w e pre se n t a n d a n a ly z e a n e w pie c e w ise lin e a r m a p o f th e pla n e c a pa b le o f g e n era tin g ch a o tic a ttra c to rs w ith o n e a n d tw o sc ro lls. D u e to th e sh a pe o f th e a ttra c to r a n d its h y pe rch a o tic ity , w e c a ll it " the discrete hyperchaotic double scroll." It h a s th e sa m e n o n lin e a rity a s u se d in th e w e ll-k n o w n C h u a c irc u it. A rig o ro u s pro o f o f th e h y pe rch a o tic ity o f th is a ttra c to r is g iv e n a n d n u m e ric a lly ju stifi e d .
Introduction
It is w e ll-k n o w n th a t if tw o o r m o re L y a pu n o v e x po n e n ts o f a d y n a m ic a l sy ste m a re po sitiv e th ro u g h o u t a ra n g e o f pa ra m e te r spa c e , th e n th e re su ltin g a ttra c to rs a re h y pe rch a o tic . T h e im po rta n c e o f th e se a ttra c to rs is th a t th e y a re le ss re g ula r a n d a re se e m in g ly " a lm o st fu ll" in spa c e , w h ich e x pla in s th e ir im po rta n c e in fl u id m ix in g [S ch e iz e r & H a sle r, 1996 ; Ab e l et al ., 1997 ; O ttin o , 198 9; O ttin o et al., 1992] . O n th e o th e r h a n d , th e a ttra cto rs g e n e ra te d b y C h u a 's c irc u it [C h u a et al., 198 6 ] g iv e n b y x = α(y − h(x)), y = x − y + z, z = −βy a re a sso c ia te d w ith sa d d le -fo c u s h o m o c lin ic lo o ps a n d a re n o t h y pe rch a o tic , w h e re h(x) = (2m 1 x + (m 0 − m 1 )(|x + 1| − |x − 1|))/2. T h e d o ub le sc ro ll a ttra c to r fo r th is c a se is sh o w n in F ig . 1.
T h e d o u b le sc ro ll is m o re c o m ple x th a n th e L o re n z -ty pe a n d th e h y pe rb o lic a ttra c to rs [M ira , 1997 ] , a n d th u s it is n o t su ita b le fo r so m e po te n tia l a pplic a tio n s o f ch a o s su ch a s se c u re c o m m u n ic a tio n s a n d sig n a l m a sk in g [K a pita n ia k et al., 1994; T h a m ilm a ra n et al., 2004] . H y pe rch a o tic a ttra cto rs m a k e ro b u st to o ls fo r so m e a pplic a tio n s, b u t th is c irc u it d o e s n o t e x h ib it h y pe rch a o s b e c a u se o f its lim ite d d im e n sio n a lity [C h u a et al., 198 6 ] . T o re so lv e th is pro b le m , se v e ra l w o rk s h a v e fo c u se d o n th e h y pe rch a o tifi c a tio n o f C h u a 's c irc u it u sin g se ve ra l te ch n iq u e s su ch a s c o u plin g m a n y C h u a c irc u its a s in [K a pita n ia k et al., 1994] w h e re a 15 -D d y n a m ic a l sy ste m is o b ta in e d . H o w e v e r, th e re su ltin g sy ste m is c o m plic a te d a n d d iffi c u lt to c o n stru c t. A sim ple r m e th o d in tro d u c e s a n a d d itio n a l in d u c to r in th e c a n o n ic a l C h u a c irc u it a s g iv e n in [T h a m ilm a ra n et al. c a n c o n trib u te to th e d e v e lo pm e n t o f th e th e o ry o f d y n a m ic a l sy ste m s, e spe c ia lly in fi n d in g n e w ch a o tic a ttra c to rs w ith a pplic a tio n s in sc ie n c e a n d e n g in e e rin g [S ch e iz e r & H a sle r, 1996 ; Ab e l et al., 1997 ]. F u rth e rm o re , th e te ch n iq u e s e m plo y e d in th e c irc u it re a liz a tio n o f sm o o th m a ps a re sim ple , a n d th e a ppro a ch c a n b e e x te n d e d to o th e r sy ste m s su ch a s pie c e w ise lin e a r o r pie c e w ise sm o o th m a ps [S u n e e l, 2006 ]. Also , it se e m s th a t th e c irc u it re a liz a tio n s o f lo w -d im e n sio n a l m a ps is sim ple r th a n w ith h ig hd im e n sio n a l c o n tin u o u s sy ste m s. F o r th is re a so n , w e pre se n t a d isc re te v e rsio n o f C h u a 's c irc u it a ttra c to r g o v e rn e d b y a sim ple 2-D pie c e w ise lin e a r m a p th a t is c a pa b le o f pro d u c in g h y pe rch a o tic a ttra c to rs w ith th e sa m e sh a pe a s th e c la ssic d o u b le sc ro ll a ttra cto r, w h ich is n o t h y pe rch a o tic . W e a n a ly tic a lly sh o w th e h y pe rch a o tic ity o f th e a ttra c to r a n d n u m e ric a lly 
. T h e D iscre te H y p e rch a otic D oub le S croll M a p
In th is se c tio n , w e pre se n t th e n e w m a p a n d sh o w so m e o f its b a sic pro pe rtie s. C o n sid e r th e fo llo w in g 2-D pie c e w ise lin e a r m a p:
w h e re a a n d b a re th e b ifu rc a tio n pa ra m e te rs, h is g iv e n a b o v e b y th e ch a ra c te ristic fu n c tio n o f th e so -c a lle d d o u b le sc ro ll a ttra c to r [C h u a et al., 198 6 ], a n d m 0 a n d m 1 a re re spe c tiv e ly th e slo pe s o f th e in n e r a n d o u te r se ts o f th e o rig in a l C h u a c irc u it. S y ste m s su ch a s th e o n e in E q .
(1) ty pic a lly h a v e n o d ire c t a pplic a tio n to pa rtic u la r ph y sic a l sy ste m s, b u t th e y se rv e to e x e m plify th e k in d s o f d y n a m ic a l b e h a v io rs, su ch a s ro u te s to ch a o s, th a t a re c o m m o n in ph y sic a l ch a o tic sy ste m s. T h u s a n a n a ly tic a l a n d n u m e ric a l stu d y is w a rra n te d . D u e to th e sh a pe o f th e n e w a ttra c to r a n d its h y pe rch a o tic ity , w e c a ll it th e " d isc re te h y pe rch a o tic d o u b le sc ro ll" b e c a u se o f its sim ila rity to th e w e ll-k n o w n C h u a c irc u it [C h u a et al., 198 6 ].
O n e o f th e a d v a n ta g e s o f th e m a p (1) is its e x tre m e sim plic ity a n d m in im a lity in v ie w o f th e n u m b e r o f te rm s a n d c o n se rv a tio n o f so m e im po rta n t pro pe rtie s o f th e c la ssic d o u b le sc ro ll. F irstly , th e a sso c ia te d fu n c tio n f (x, y) is c o n tin u o u s in R 2 , b u t it is n o t d iff e re n tia b le a t th e po in ts (x, −1) a n d (x, 1) fo r a ll x ∈ R. S e c o n d ly , th e m a p (1) is a d iff e om o rph ism e x c e pt a t po in ts (x, −1) a n d (x, 1) w h e n abm 1 m 0 = 0, sin c e th e d e te rm in a n t o f its J a c o b ia n is n o n z e ro if a n d o n ly if abm 1 = 0 o r abm 0 = 0, b u t it d o e s n o t pre se rv e a re a a n d it is n o t a re v e rsin g tw ist m a p fo r a ll v a lu e s o f th e sy ste m pa ra m e te rs. T h ird ly , th e m a p (1) is sy m m e tric u n d e r th e c o o rd in a te tra n sfo rm io n (x, y) → (−x, −y), a n d th is tra n sfo rm a tio n pe rsists fo r a ll v a lu e s o f th e sy ste m pa ra m e te rs. T h e re fo re , th e ch a o tic a ttra c to r o b ta in e d fo r m a p (1) is sy m m e tric ju st lik e th e c la ssic d o u b le sc ro ll [C h u a et al., 198 6 ] . O n th e o th e r h a n d , a n d d u e to th e sh a pe o f th e v e c to r fi e ld f o f th e m a p (1), th e pla n e c a n b e d iv id e d in to th re e line a r re g io n s d e n o te d b y :
, w h e re in e a ch o f th e se re g io n s th e m a p (1) is lin e a r. H o w e v e r, it is e a sy to v e rify th a t fo r a ll v a lu e s o f th e pa ra m e te rs m 0 , m 1 su ch th a t m 0 m 1 > 0, th e m a p (1) h a s a sin g le fi x e d po in t (0, 0), w h ile if m 0 m 1 < 0, th e m a p (1) h a s th re e fi x e d po in ts, a n d th e y a re g iv e n b y P 1 = ((m 1 − m 0 )/bm 1 , (m 1 − m 0 )/m 1 ), P 2 = (0, 0), P 3 = ((m 0 − m 1 )/bm 1 , (m 0 − m 1 )/m 1 ). O b v io u sly , th e J a c o b ia n m a trix o f th e m a p (1) e v a lu a te d a t th e fi x e d po in ts P 1 a n d P 3 is th e sa m e a n d is g iv e n b y J 1,3 = 1 −abm1 1 0
. T h e re fo re , th e tw o e q u ilibriu m po in ts P 1 a n d P 3 h a v e th e sa m e sta b ility ty pe . T h e J a c o b ia n m a trix o f th e m a p (1) e v a lu a te d a t th e fi x e d po in t P 2 is g iv e n b y J 2 = 1 −abm0 1 0 , a n d th e ch a ra c te ristic po ly n o m ia ls fo r J 1,3 a n d J 2 a re g iv e n re spe c tiv e ly b y λ 2 − λ + abm 1 = 0 a n d λ 2 − λ + abm 0 = 0, w h e re th e lo c a l sta b ility o f th e se e q u ilib ria c a n b e stu d ie d b y e v a lu a tin g th e e ig e n v a lu e s o f th e c o rre spo n d in g J a c o b ia n m a tric e s g iv e n b y th e so lu tio n o f th e ir ch a ra c te ristic po ly n o m ia ls.
. T h e H y p e rch a oticity of th e A ttra ctor
In th is se c tio n , w e g iv e su ffi c ie n t 
w ith a sm a lle st e ig e n v a lu e o f f (x) T f (x) th a t sa tisfi e s
w h e re N 2 ≥ θ, th e n , fo r a n y x 0 ∈ Ω, a ll th e L y a pu n o v e x po n e n ts a t x 0 a re lo c a te d in sid e [ln θ/2, ln N ], th a t is,
w h e re l i (x 0 ) a re th e L y a pu n o v e x po n e n ts fo r th e m a p f . F o r th e m a p (1), o n e h a s th a t
th e n b o th L y a pu n o v e x po n e n ts o f th e m a p (1) a re po sitiv e fo r a ll in itia l c o n d itio n s (x 0 , y 0 ) ∈ R 2 , a n d h e n c e th e c o rre spo n d in g a ttra c to r is h y pe rch a o tic . F o r m 0 = −0.43 a n d m 1 = 0.41, o n e h a s th a t |a| > 2. 439, a n d fo r b = 1.4, o n e h a s th a t |a| > 3.323. As a te st o f th e pre v io u s a n a ly sis, F ig . 2 sh o w s th e L y apu n o v e x po n e n t spe c tru m fo r th e m a p (1) fo r m 0 = −0.43, m 1 = 0.41, b = 1.4, a n d −3.36 5 ≤ a ≤ 3.36 5 .
T h e re g io n s o f h y pe rch a o s a re −3.36 5 ≤ a ≤ −3.323 a n d 3.323 ≤ a ≤ 3.36 5 . O n th e o th e r h a n d , th e d isc re te h y pe rch a o tic d o u b le sc ro ll sh o w n in F ig . 3 re su lts fro m a stab le pe rio d -3 o rb it tra n sitio n in g to a fu lly d e v e lo pe d ch a o tic re g im e . T h is pa rtic u la r ty pe o f b ifu rc a tio n is c a lle d a b o rd e r-c o llisio n b ifu rc a tio n a s sh o w n in F ig . 4, a n d it is th e o n ly o b se rv e d sc e n a rio . If w e fi x pa ra m e te rs b = 1.4, m 0 = −0.43, a n d m 1 = 0.41 a n d v a ry a ∈ R, th e n th e m a p (1) e x h ib its th e fo llo w in g d y n a m ic a l b e h a v io rs a s sh o w n in F ig . 4.
In th e in te rv a l a < −3.36 5 , th e m a p (1) (w h ite ), pe rio d ic o rb its o f pe rio d s 1 a n d 3 (b lu e ), a n d ch a o tic (in c lu d in g h y pe rch a o tic a ttra c to rs) (re d ) so lu tio n s in th e ab-pla n e fo r th e m a p (1), w ith 10 6 ite ra tio n s fo r e a ch po in t.
. C onclusion
W e h a v e d e sc rib e d a n e w sim ple 2-D d isc re te pie c ew ise lin e a r ch a o tic m a p th a t is c a pa b le o f g e n e ra tin g a h y pe rch a o tic d o u b le sc ro ll a ttra c to r. S o m e im po rta n t d e ta ile d d y n a m ic a l b e h a v io rs o f th is m a p w e re fu rth e r in v e stig a te d .
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